We consider right prisms with horizontal quadrilateral bases and tops, and vertical rectangular sides. We look for examples where all the edges, face diagonals and space diagonals are integers. We find examples when the base is an isosceles trapezium and a parallelogram, but no solution for a kite or rhombus.
Introduction
Let ABCD be a convex quadrilateral in the x-y plane and let EFGH be the identical shape vertically translated h units. Then the 3-dimensional object with vertices ABCDEFGH is known as a right prism. In this paper, we consider finding such prisms where the lengths of the edges, face diagonals and space diagonals can all be integers. If ABCD and EFGH are rectangles. then the prism is in fact a cuboid, and the problem is that of finding a perfect rational cuboid, which is still a classic unsolved problem, see Bremner [1] , Dickson [3] , Guy [4] , Leech[6] and van Luijk [7] .
Very recently, Sawyer and Reiter [11] have shown the existence of perfect parallelipipeds. These are not normally right prisms, in that the solutions found do not have rectangular vertical faces. In this paper, we consider quadrilaterals such as the trapezium, the parallelogram, the kite and the rhombus, to see whether perfect right prisms with these base shapes exist. It is interesting to note that a mathematician of the calibre of Kummer [5] considered the problem of quadrilaterals with integer sides and diagonals.
Basics
Since the sides of a right prism are clearly rectangles, there will be several equations of the form
which have a general solution a = α(m 2 − n 2 ), b = α2mn. The α term can be a nuisance so we get rid of it by reforming the solution as a/b = P (r) = (r 2 − 1)/(2r) with r = m/n.
Often, an equation in a problem reduces to the equation
where we wish rational solutions. A simple consideration of the underlying quadratic shows that
is a necessary condition.
The most usual such occurrence is when we look for rational solutions of
Thus, x/h = P (a) and y/h = P (b) for some rational a and b. Then, P (b) = (y/x)P (a), which has a rational solution if 1+y 2 P 2 (a)/x 2 = , which implies
has rational solutions. There has clearly at least one rational solution, when a = 0, d = ±y, so the quartic is birationally equivalent to an elliptic curve, see Silverman and Tate [13] .
Using standard transformations given in Mordell [8] , we find the equivalent curve to be
The curve has torsion subgroup (usually) isomorphic to Z 2 × Z 4 , with finite torsion points of order 2 at (0, 0), (−x 2 , 0), (−y 2 , 0), and points of order 4 at (xy , ±xy(x + y)), and (−xy , ±xy(x − y)). None of these points give a non-trivial value of a > 1. We thus need curves which have rank greater than 0. For example, x = 2, y = 3 leads to v 2 = u 3 + 13u 2 + 36u which has rank 0, and hence there are no non-trivial solutions of 4 + h 2 = , 9 + h 2 = .
For x = 5, y = 2, however, v 2 = u 3 + 29u 2 + 100u has rank 1 with generator (2, 18) . This point gives a = 1/3 which is not acceptable. If we add (2, 18) to one of the order 4 torsion points, we get the point (−20, 40), which gives a = 4, giving P (a) = 15/8 and h = 8/3. Scaling x, y, h by 3 gives x = 15, y = 6, h = 8.
We look for as many generators as we can easily find. Let G 1 , . . . , G s be the independent generators found with 0 ≤ s ≤ r where r is the rank of the curve, then we compute the points
where −L ≤ n i ≤ +L and T k is a torsion point, 0 ≤ k ≤ 7, where T 0 is the point at infinity. For each point Q we determine a, P (a) and h = x/P (a).
Suppose P is a point of infinite order. We find P and P + T where T is a point of order 2 generates the 4 values of ±a 1 , ±1/a 1 , for some a 1 , as we use the 3 points of order 2 and the point at infinity. For the four values from P + T where T varies over the 4 points of order 4, we get ±a 2 , ±1/a 2 . It is clear, however, that these values all give the same value for |P (a 1 )| and |P (a 2 )|, and hence we only generate 2 different positive values of h. Further, we have the product of these h values equals |x y|. All this can be proven by standard application of the formulae for addition on elliptic curves, using a good symbolic algebra package to alleviate the boredom.
To find whether a curve has strictly positive rank, for a given (x, y) pair, we use the Buhler-Gross-Zagier [2] method of computing the L-series and its derivatives to estimate the rank, if the conductor of the curve is not too large. If the rank is estimated at least 2 or rank=1 and the Birch & Swinnerton-Dyer conjecture predicts a small height for the generator, we search for integer points on the minimal model of the curve, which are then transformed to possible generators of the original curve.
General Quadrilateral
This is a convex quadrilateral with no parallel sides and no equal or complementary angles, where we can assume w.l.o.g. that x is the largest side. We generate values for x and w and cos α = m/n, since integer diagonals imply rational cosines. We first test if BD = v is a rational solution of
If it is, we generate sides y, z in the range v < y +z < 2x and determine cos ∠ABD, sin ∠ABD, cos ∠DBC and sin ∠DBC, by elementary trigonometry. These relations give cos B, and we test the rationality of u = AC from u 2 = x 2 + y 2 − 2xy cos B. If we find rational u and v, we test for {x, y, z, w, u, v}
by using the elliptic curve method of section 2. We find, if possible, values of h with {x 2 , y 2 } + h 2 = and test these with {z, w, u, v}.
Despite extensive testing we were unable to find a perfect prism but we found several where only one of the side or space diagonals is not an integer. These are given in Table 1 . A quick survey of Table 1 shows that all the quadrilaterals have at least one pair of lengths identical. We have been unable to find any quadrilaterals, with all horizontal lengths distinct, where more than 4 vertical diagonals are rational. The 5 results found so far are given in Table 2 . 
Isosceles Trapezium
An isosceles trapezium is a shape as shown in the diagram, where AB and DC are parallel, and x, y, z ∈ Z. Thus cos α = (x − y)/2z, so that cos α is rational.
The perpendicular gap w satisfies
and the base diagonal is v = AC = BD, which satisfies The vertical side diagonals give the three equations
whilst there is only one space diagonal equation, namely
We have x/h = P (a), y/h = P (b), z/h = P (c) for some rational a, b, c > 1. We, thus, generate values of a, b, c, find P (a), P (b), P (c) and hence suitable integer x, y, z, h. We reject those for which, firstly z 2 + xy = and then
This simple search was coded in Pari-GP and quickly found several solutions. The 10 smallest (using the measure · = x + y + z + v + h) are given in Table 3 . We can parameterise the lengths of the isosceles trapezium by parameterising v 2 = x 2 + z 2 − 2xz cos α. Standard algebra leads to the fomulae,
where c, d < 1, and, in fact, c = cos α ≡ i/j with i, j ∈ Z.
The expression for z leads to the temptation to define h = 2d so that
The quadric c 2 + 2cd + 2d 2 = can be easily parameterised by c = g 2 − 2f
2 and d = 2f (f − g), but when we substitute these into the second quadric we get a sextic in g or an octic in f which must be made square. These curves are likely to have genus greater than 1 and so only a finite number of rational solutions, by Mordell's theorem.
The latter quartic clearly is birationally equivalent to an elliptic curve and we find this curve to be
This curve seems, from numerical experiments just to have the single finite torsion point (0, 0). It has the rational points (j 2 , ±ij 2 ) and (−j 2 , ±ij 2 ). If we double the point (j 2 , ij 2 ) we get (j 4 /i 2 , −j 6 /i 3 ) and since we assume i/j is a completely reduced fraction, we have non-integer coordinates, so by the Nagell-Lutz theorem this is of infinite order.
The latter is birationally equivalent to the elliptic curve v 2 = u 3 − u 2 − u which has rank 0, so this choice of point does not lead to all vertical diagonals square.
Cyclic Quadrilateral
The isosceles trapezium is an example of a cyclic quadrilateral -a quadrilateral whose 4 vertices lie on the circumference of a circle. We look for lengths (x, y, z, w, u, v) which are all positive integers first. This has been considered by Schubert [12] and Sastry [9] [10]. There is an error in the basic formulae in [9] , whilst [10] uses a somewhat unusual parameterisation.
We derive a more standard form here. The results are based on the wellknown formula for the length of an arc of a circle of radius R, namely 2R sin θ where θ is the angle the arc makes with the circumference. Let α = ∠ADB = ∠ACB, β = ∠BAC = ∠BDC, γ = ∠CAD = ∠CBD and δ = ∠ABD = ∠ACD. Since ABCD is a cyclic quadrilateral, opposite angles are complimentary, thus α + β + γ + δ = π, so there are only 3 free choices of angle.
Therefore, assuming w.l.o.g. than 2R = 1, we have x = sin α , y = sin β , z = sin γ (5.1) w = sin α cos β cos γ + cos α sin β cos γ + cos α cos β sin γ − sin α sin β sin γ (5.2) u = sin α cos β + cos α sin β , v = sin β cos γ + cos β sin γ (5.3)
Thus, the sines and cosines of these angles are rational so we can assume
Clearing denominators, we have
Despite extensive computing using these formulae, we have been unable to generate a cyclic quadrilateral, with all sides and diagonals mutually distinct, where more than 3 of the t 2 +h 2 terms are square. The smallest quadrilateral with 3 squared terms found so far is x = 561, y = 750, z = 1275, w = 1560, u = 1575, v = 1197, h = 400, cos α = 11/2, cos β = 4 and cos γ = 2.
Parallelogram
The parallelogram ABCD has sides AB DC and AD BC, with AB = DC = x and AD = BC = y.
Let AC = z and BD = w. Then
These are both homogeneous quadrics, and the intersection of two such elements is known to be an elliptic curve. We can parameterise the first equation as x y = 2(cos α − µ) µ 2 − 1 which we substitute into the second quadric giving
where k = cos α = m/n since cos α clearly rational.
This quartic is birationally equivalent to an elliptic curve, which we eventually find to be
with the relation
The elliptic curve has torsion subgroup isomorphic to Z 2 × Z 4 , with finite torsion points of order 2 for g = 0, −(m + n) 2 , −(m − n) 2 and order 4 points at g = ±(m 2 − n 2 ). None of these lead to non-trivial µ and x/y. Thus we need curves of strictly positive rank. We use the same approach as described in section 2 to find curves with infinite generators. We generate multiples of such generators and these give different µ and hence different x, y, z, w.
For given x, y values, we use the method of section 2 to find values of h, if any, where x 2 + h 2 = and y 2 + h 2 = . These values of h are then tested for z 2 + h 2 = and w 2 + h 2 = .
Unfortunately, despite extensive testing, no solutions were found. In fact, only rarely did we have one of z 2 + h 2 or w 2 + h 2 a square, and this almost always occurred when z or w equalled x or y.
Consider the special parallelogram ABCD given above. Then cos α = x/(2y) and AC 2 = z 2 = 2x 2 + y 2 . This can be simply parameterized by x = 2pq, y = p 2 − 2q 2 , z = p 2 + 2q 2 . We can thus easily generate values of x, y, z and hence use section 2 to find values of h.
A large amount of testing has found a single solution where all sides, face diagonals and space diagonals are integers. This occurs where x = 2522, y = 16199, giving w = 16199, z = 16587, and cos α = 13/167. If we have a height h = 9240, we have side diagonals of 9578 and 18649, and the two space diagonals 18649 and 18987.
It might be thought that we can set h = p 2 − q 2 since x 2 + h 2 = . For y 2 + h 2 and z 2 + h 2 to be square we need, respectively, 2p 4 − 6p 2 q 2 + 5q 4 = and 2p 4 + 2p 2 q 2 + 5q 4 = . Both have obvious solutions, so are birationally equivalent to elliptic curves. We find the curves and transformations to be
in the correct order.
Both curves have only one finite torsion point (0, 0), both have rank 1 with E 1 having generator G 1 = (1, 3) and E 2 generator G 2 = (9, 9). We can easily generate, using Pari-GP, the points on E 1 , compute p/q and see if the second quartic is square. We have done this up to (u, v) = 99G 1 with no luck.
Kite
A standard kite has the shape shown where the diagonals meet at right-angles with BD bisected by AC. Call ∠DAC = α and ∠DCA = β. Thus AC = z = x cos α + y cos β and BD = w = 2x sin α = 2y sin β. Thus we must have the sines and cosines rational, so we assume
where f, g ∈ Q and f, g > 1.
The equation for w gives
so that a rational g needs k 2 − 1 = , and g = k + √ k 2 − 1.
We first find x and y such that the elliptic curve from section 2 has positive rank. We then generated values of f = m/n with m + n ≤ 299, and tested for rational g. If such g existed, we computed z, w and h and tested for z 2 + h 2 = and w 2 + h 2 = . In the testing so far, no example with both conditions satisfied has been found. Many examples with one satisfaction were found, the vast majority with z = x or z = y. Table 4 lists some examples where all the lengths are different. It should be noted that it is easy to see that we cannot have w = x or w = y.
We can simply parameterise a kite as having sides and diagonals which are multiples of
and a little searching shows that f = g/2 gives a solution. Thus this quartic is birationally equivalent to an elliptic curve.
Standard analysis shows that the equivalent curve is
where g = p/q with p, q integers with no common factors. Numerical investigations suggest that the obvious point (0, 0) is the only common torsion point, and that, in general, the torsion subgroup is isomorphic to Z 2 .
The transformation back from the elliptic curve is
If we set the denominator to 0, we get v = p 2 (u + 8p 2 q 2 + 32q 4 ), and if we substitute into the elliptic curve, we find u = −16p
2 ). Since we suspect that there is only one finite torsion point, this would have to be a point of infinite order. Doubling this point gives
and the fractional nature of this shows that −16p 2 q 2 will give a point of infinite order for most (p, q) pairs. Thus, the elliptic curve has rank at least 1 in most cases, with the largest rank found so far being 4, starting with p = 17, q = 8. So, we can easily find kites with (x 2 , w 2 ) + h 2 = .
We wrote a simple program which searched for other generators on these curves, generated points on the curve, and hence (x, y, z, w, h) sets which we checked for more than two a 2 + h 2 = . These were very sparsely distributed and we only found one new solution with 3 squares -(x, y, z, w, h) = (8745, 4182, 10881, 6336, 14840).
It might be thought that making y 2 + h 2 = first would produce a similar outcome. We require,
which can be linked to the elliptic curve
with g = p/q and transformation f = v/(8q 2 u). where g = p/q and the inverse transformation is
2 )) 2q(v + (q 2 − 2p 2 )u − 24p 2 q 2 (p 2 − 2q 2 )) (7.10)
As before, the torsion subgroup seems to only contain (0, 0) as a finite point. Solving either the numerator or denominator for v and substituting into the elliptic curve gives the point (−16p 2 q 2 , ±8p 2 q 2 (p 2 + 4q 2 )), so the curves have rank at least 1. Numerical experiments show that these curves can have quite a large rank -the largest found is 6 starting with p = 29, q = 15 -and the rank was always at least 2. This led to investigating the simple integer points and the discovery of a second point of infinite order (−(p 2 + q 2 ) 2 , ±2pq(p 2 + q 2 )(p 2 + 4q 2 )). Surprisingly, given all points available, we were unable to find any kites with even 3 vertical diagonals integer. 
Rhombus

